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ABSTRACT

In this paper, an eco-epidemiological system which considers a prey—predator system and (SI) disease with harvesting, using
Holling type 1l as a functional response for the susceptible predator , linear functional response for the infected predator and
the harvesting effect on the infectious population. Bifurcation such as (saddle node, transcritical and pitchfork) of the
proposed system is investigated by using Sotomayrs theory and Hopf bifurcation theory; it’s observed that there is
transcritical bifurcation near axial equilibrium point ,the predator-free equilibrium point ,the disease-free equilibrium point
,the infected-predator-free equilibrium point and the infected-prey-free equilibrium point while there is a saddle—node
bifurcation near coexistence equilibrium point, on the other hand there is no pitchfork bifurcation near all of these equilibrium
points. Further investigations for the Hopf bifurcation near coexistence equilibrium point are carried out. Finally, numerical
simulations are used to illustration the occurrence of local bifurcation of this system.
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INTRODUCTION

From the see of human needs, the utilization of biological
resources and harvest of population are commonly
practiced in prey-predator systems. But then, unreasonable
exploitation of biological resources might lead to
unfavorable influence on ecological balance. So there has
been rapidly growing interest in the analysis and modeling
of predator—prey systems. Many authort™! have studied the
dynamics of prey-predator models with harvesting and
disease, and obtained complex dynamic behaviors, such as
Hopf bifurcation or periodic solution. However, they have
not considered the effect of the harvest effort on ecosystem
from an economic perspective or environmentall®l, In any
case the continuous dynamical systems are usually
composed from a set of the ordinary differential equations
or a set of partial differential equations as well as a set of
different parameters that control the nature of the system.
The solution of these equations depends entirely on these
parameters. These systems describe a problem in the
medical, engineering, environmental or economic. Any
simple or smooth change in any parameter present in the
system may result in sudden change or topological change
in its behavior, changing the nature of the system from
stable to unstable or periodic or converse. Then this model
(system) is said to be has a bifurcation. the bifurcation
object is not exist only the subject of dynamical systems, it
is found in various fields, for example, found in medicine,
geometry, etc. Where the term was first introduced by the
scientific Henri Poincaré Carré in 1885. The usefulness of
bifurcation theory transcends our ability to cite theorems.
By furnishing a qualitative modeling mechanism, it
provides a conceptual framework within which we can view
a number of important ecological processes. It is useful to
divide bifurcations into two principal classes: local
bifurcations, which can be analyzed entirely through
changes in the local stability properties of equilibrium,

565

periodic orbits or other invariant sets as parameters cross
through critical thresholds and examples of local
bifurcations include: saddle-node (fold) bifurcation,
transcritical bifurcation, pitchfork bifurcation, period-
doubling bifurcation and Hopf bifurcation; and global
bifurcations, which often occur when larger invariant sets
of the system with each other, or with equilibrium of the
system. They cannot be detected purely by a stability
analysis of the equilibria (fixed points). This causes changes
in the topology of the trajectories in phase space which
cannot be confined to a small neighborhood, as is the case
with local bifurcationst®. The term Hopf bifurcation (also
sometimes called Poincar’e-Andronov-Hopf bifurcation)
refers to exist or not exist a periodic solution from
equilibrium as a parameter crosses a critical value. It is the
simplest bifurcation not just involving equilibrium and
therefore belongs to what is sometimes called dynamic
bifurcation theory. In a differential equation a Hopf
bifurcation typically occurs when a complex conjugate pair
of eigenvalues of the linear flow at a fixed point becomes
purely imaginary. This implies that a Hopf bifurcation can
only occur in systems of dimension two or higher. The
subject of the bifurcation and in particular Hopf is a very
important subject in applied mathematics. Recently, Tayeh
and Najil®! had studied local bifurcation such as (saddle-
node, transcritical and pitchfork) and Hopf bifurcation
around each of the equilibrium points of prey predator
model involving Sl infection disease in both the prey and
predator species and the disease transmitted by contact
only. Khalaf ,Majeed and Naji™*!! established the conditions
of the occurrence of local bifurcation such as (saddle-node,
transcritical and pitchfork) with particular emphasis on the
Hopf bifurcation near the positive equilibrium point of
prey-predator model involving SIS infectious disease in
prey population this disease passed from a prey to predator
through attacking of predator to prey and the disease
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transmitted within the same species by contact and external
source.

In this paper, an application of Sotomayor’s theorem 21 for
local bifurcation is used to study the occurrence of local
bifurcation near the equilibrium, furthermore the condition
of occurrence of the Hopf bifurcation near positive

ds
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equilibrium point are established of a mathematical model
proposed by Majeed and Ali 1.

Model Formulation I

An eco-epidemiological mathematical model consisting of
prey-predator model involving Sl infectious disease with

harvesting in infected population is proposed and analyzed
in {41,

(2.1)

dl

ﬁ = ﬂISI - a21X - a31Y - dll - ull
dX  a,SX

dT =€ b TS + 62a21X —ﬁZXY - de

dy
dr

Where O<e;< 1; i = 1,2,3 represent the conversion rate
constants and B, represents the infection rate of susceptible
prey, [, represents the infection rate of susceptible
predator. Note that, there is an Sl epidemic disease in prey
population divides the prey population into two classes
namely S(T) that represents the density of susceptible prey
species at time T and I(T) which represents the density of

= ﬁzXY + e3a31Y - (dz + (X)Y - LzY.

disease divides the predator population into two classes
namely X(T) that represents the density of susceptible
predator species at time T and Y/(t) that represents the
density of infected predator species at time T . Therefore at
any time T, we have N (T) = S (T) + | (T) and
P(T)=X(T)+Y(T) , the diseases are not transmitted from
prey to predator or converse , but it are transmitted in the

same species all the parameters are moreover assumed to be
positive and described as given inll,

infected prey species at time T, and there is different

Now, for further simplification of the system (2.1), the following dimensionless variables are used in [4].

. T S I X Y
- - —r_ 'x__kfy_k'z_k'w_k'
Then system (2.1) can be written in the following dimensionless form:
dx_ (1 z )_ ( )
dt_x X—y—cy G tx =filx,y,z,w
dy
at = Y(C1x —cz—csw — (¢ + C7)) = fo(x,y,z,w) (2.2)
dz CgX
E = Z(c3 T x + Gy — C1oW — Cu) = f3(x,y,z,w)
dw
dt = W(C1oZ + ¢y — (€11 13+ C14)) = fo(x,y,2,w)
where
Bk a, b ak ask dq O, eia,

ClzTicz:_;CSZE’CAL:T;CS:TIC6:7;C7__JC8: r )

ek _ Bk _dy _esazk _a L
Co = »C10 = ,€11 = r »C12 = r :C13—r:C14— r

With x(0) =0,y(0) = 0, z(0) = 0 and w(0) = 0.

Represent the dimensionless parameter of system (2.2). It is observed that the number of parameters have been reduced
from sixteen in the system (2.1) to fourteen in the system (2.2).

It is easy to verify that all the interaction functions fi, f2, f3 and f4 on the right hand side of system (2.2) are continuous and
have continuous partial derivatives on R} with respect to dependent variables x , y , z and w. Accordingly they are
Lipschitzian functions and hence system (2.2) has a unique solution for each non-negative initial condition. Further the
boundedness of the system is shown in the following theorem.

Theorem (2.1)[4]: All the solutions of system ( 2.2 ) which initiate in R% are uniformly bounded.

Local bifurcation analysis:

In this section, the effect of varying the parameter values on the dynamical behavior of the system (2.2) around each
equilibrium points is studied. Recall that the existence of non- hyperbolic equilibrium point of system (2.2) is the necessary
but not sufficient condition for bifurcation to occur. Therefore, in the following theorems an application to the Sotomayor's
theorem is appropriate.
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Now, according to Jacobian matrix of system (2.2) given in [4], it is clear to verify that for any non - zero vector V =
(v, Vg, V3, vo)T we have:

—2V1(V1 —TV1+(1+C1)V2 +FV3) “
2V, (€1V] — C4V3 — CsVy)
2 _ 2 L6V 4V3 5V
D = (— 2C3C82V2 + 2CS}CSV V3 + 2C9V,V3 — 2C19V3V. ) ’ G-b
ERRE Rz V1Vs 9V2V3 10V3Vy
2v, (c12v2 + €10V3)
and
6c,c32 6c,c5
S vi+ 3 v3v12]
D3F(X,))(V,V) 0 |, (3.2)

— | 6c3cgz ,  6C3Cq )
R4 Vi — R3 U3Vi J
O - -
where R = (x + ¢3) and X = (x,y,z,w) , u be any bifurcation parameter.
In the following theorems the local bifurcation conditions near equilibrium points are established.

Theorem (3.1):

sttgm (2.2) at the equilibrium point E; = (1,0,0,0) with the parameter ¢;; = ;1 = %‘ where R = (1 + ¢3) has:
No saddle —node bifurcation.

Transcritical bifurcation .

No pitch fork bifurcation.

Proof: According to the Jacobian matrix J; given in[4] the system (2.2) at the equilibrium point E; has zero eigenvalue
(say ,, = 0)at ¢;; = ¢4, itisclearthat ¢;; > 0 , and the Jacobian matrix J; with ¢;; = ¢;; becomes:

C
lf—1 —(1+c) _RTZ 0 ]|
Ji=1.(A, =0) = I 0 ¢—(c+c;) O 0 I
| 0 0 0 0 |
l 0 0 0 (611 + 3+ C14)J

T ~
Now, let vt =(v£”,v£”,v£”,v£”) be the eigenvector corresponding to the eigenvalue A,, = 0. Thus (f; —
A1,1)VIY = 0, which gives:
—C
vgl] = ?ZVE], vE] = VE] =0
T
and vgl] is any nonzero real number. Let Bl = (b{l],bgl],bgﬂ,bf]) be the eigenvector associated with the

eigenvalue A, =0 of the matrix /T . Then we have, (JT —14,1)B!! = 0. By solving this equation for BI*! we
T
obtain, BI = (0,0 ,bgﬂ ,0) , where bgl] is any nonzero real number. Now, consider:

of 0fi 0f, 0fz 0f,

_=f611(X1C11)=( ) ) ] :
dcyq dcyq 0cip 0ciq 0cCqq
S0, f..,(Ey, &) = (0,0,0,0)7 and hence (B1)' £, (Ey,é1) =0 .

Therefore, by using Sotomayor’s theorem the saddle-node bifurcation condition can not satisfy. While the first condition of
transcritical bifurcation is satisfied, as below, since

T
) =(0,0,—z,—w)T .

[0 0 O 0]
|0 0 0 0|
Dﬁ:u(X 'Cll) = ’
[0 0 -1 o]
l0 0O 0 -1

where Dfc, (X, cqq) represents the derivative of f. (X ,c;1) withrespectto X = (x,y,z, w)T .Further ,it is observed that
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_ G
00 0 07 R 0
00 0 0 0 0
chu( E; :611)‘/[1] = = 1]
0 0 -1 0 173[1] V3
00 0 -1 0
0

i i T
(B™)'[Df.,, (B, &)V = (0,0,557,0)(0,0, v} 0) = —viUbi = 0
Moreover, by substituting V[ in (3.1) we get:

[ [11\ 2 2 T
CyV3 2c¢305 [1\2
_2<ﬁ >+ ok ()
0
D*f(E, , &) (VI ,vi)) =
20363C5 1 [11\2
E (V3 )
0
Hence, it is obtain that:
(B [D?f (Ey, &) (VY V)] —__ZCZC3C8b[1]( ) 20
1, C11 ) - §3 3 V3

Thus, by using Sotomayor’s theorem system (2.2) has transcritical bifurcation at E; with the parameter ¢;; = &;; ,and no
pitch fork bifurcation can occurs at ¢;; = ¢;4 [

Theorem (3.2): Suppose that the following condition

€12 > (€13 + €14) (3.2a)
is satisfied. Then system (2.2) at the equilibrium point E, = (&,¥,0,0 ) with the parameter ¢;; = ¢;; = ¢12y — (¢35 +
C14) has:

No saddle —node bifurcation.
Transcritical bifurcation.
No pitch fork bifurcation

Proof: According to the Jacobian matrix J, given in[4] the system (2.2) at the equilibrium point E, has zero eigenvalue (say
Ayw =0)at ¢;; = ¢4 , itisclear that ¢;; > 0 provided that the condition (3.2a) holds, and the Jacobian matrix J, with
c11 = €11 becomes:

]_2 =]2(C_11) = [Eij]
where k;; = k;; forall i,j =1,23,4 except k,y = 0.

T —
Now, let V[Z]=(v£2],v£2],v£2],v£2]) be the eigenvector corresponding to the eigenvalue A, = 0. Thus (J, —

A DV = 0, which gives:

4X4

(2]
c CsV
VF] = —SVE}Z] ,v£2] =t _ ) v3[2] =0
(&1 ci(cr +1)

T
and v is any nonzero real number. Let B2 = (b}z],bgz],bgzl,bf]) be the eigenvector associated with the
eigenvalue A,, =0 of the matrix j¥ . Then we have, (J7 — A, J)B?! = 0. By solving this equation for B[?! we
T
obtain, B! = (0,0,0,bf]) , Where b‘[f] is any nonzero real number. Now, consider:

of 0fi 0f, 0fs 0fy

_— X =
dcyq fen X, €12) (6c11'6c11'6011'6c11

T
) =(0,0,—z,—w)T .

So, f.,,(E;,&1) =(0,0,0,0)7 and hence (B[Z])TfCu(Ez,c_n) =0.

Therefore, by using Sotomayor’s theorem the saddle-node bifurcation condition can not satisfy. While the first condition of
transcritical bifurcation is satisfied. Now, since
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00 0 O
[0000]
0
0

chu(X ,C1p) = l
0

0

where Df. (X ,¢;1) represents the derivative of f. (X, ¢;,) with respectto X = (x,y,z, w)T Further ,it is observed
that

Ss L2l
0 0 0 07 C1 4 r 0
C5V£_2]
00 0 ol Dl | °
DfCu(Ez:En)V[Z]: 1\~ —
00 -1 0 0 0
00 0 -1 —vP]
[2]
Vs

T
(B2 [Dfey, (B, ,e:)V™] = (0,0,0,b)(0,0,0, —v}) = v = 0
Moreover, by substituting V2! in (3.1) we get:

,_Zc_is,(v£21)2 (Z_i -1+ Cl)'ﬁ)
2
D*f(E,, 511)(v[2] ,V[Z]) _ _2(:1(;7:1) (UFJ) <% - Cs)
0
“2oavey OF)
0
0
) 0

Hence, it is obtain that:

T ~ CgC 2
(B [07f (B ) (V) V)] = =2 s (o) bl 0

Thus, by using Sotomayor’s theorem system (2.2) has transcritical bifurcation at E, with the parameter c¢;; = ¢;; ,and no
pitch fork bifurcation can occurs at ¢;; = ¢34 [ |

Theorem (3.3): Suppose that the following condition

C10Z > (€13 + C1q) (3.3a)
is satisfied. Then system (2.2) at the equilibrium point E; = (x,0,2,0) with the parameter ¢;; = ¢11 = ¢392 — (¢13 +
C14) has:

No saddle —node bifurcation.
Transcritical bifurcation.
No pitch fork bifurcation.

Proof: According to the Jacobian matrix J; given in[4] the system (2.2) at the equilibrium point E; has zero eigenvalue (say

Asw = 0)at ¢;; = ¢4 , itisclear that ¢;; > 0 provided that the condition (3.3a) holds, and the Jacobian matrix J, with
c;1 = €17 becomes:

j3 =]3(511) = [Zij]

4X4
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where z;; = z;; forall i,j =1,2,3,4 except Z,, = 0.

T
Now, let VB3I = (v?] v Bl ,vf]) be the eigenvector corresponding to the eigenvalue A, = 0.
Thus (J3 — A3,/ )VE! = 0, which gives:

(8 _ %34 03] [l _ o l8) _ 11734 [

=0
1 - Vy sV » V3 - Vy
Z31 213231

T
and v is any nonzero real number. Let BI®l = (b{3],b£3],b£3],b£3]) be the eigenvector associated with the

eigenvalue A, =0 of the matrix jI . Then we have, (I — 2;,,1)B"! = 0. By solving this equation for B! we

in g3l = (31\" [3] ; .
obtain, B! = (O,O,O,b4 ) , Where b,™ is any nonzero real number. Now, consider:

of 0fy 0f, 0f; 0f,
—chll(X,Cll)z( 1' 2' 3' .
dcyq dcyq 0cip 0ciq 0cqq

S0, fu (Es,é11) = (0,0,—%,0)7 and hence (BB)' £, (E3,é11) =0 .

T
> =(0,0,—z,—w)T .

Therefore, by using Sotomayor’s theorem the saddle-node bifurcation condition can not satisfy. While the first condition of
transcritical bifurcation is satisfied. Now, since
0 0 O 0 ]

0 0 0 0
DfCu(X ’ Cll) = ’

0 0 -1 0

0 0 0 -1

where Dfc (X, cqq) represents the derivative of f. (X, cqq) withrespectto X = (x,y, z, w)T .Further ,it is observed
that

[ Zse 0a1 ]
[0 0 0 0] 73 4 0
| | [ ]
loo o of o | 0
Dfe,, (B3, c1)VEI = | I Tl Z11734 3
I0 0o -1 0 | 211234 [3] -V,
S 3 Vi Z13 231
213 Z31 3]
00 0 -1 —vl
[3]
Vs
Y .yl [3] Fuaa 3 _ g1\ [31}.[3]
(B8 [Dfyy, (Bs 1)V = (0,0,0,bf) 0,0, =572 —vil) = il = 0

Moreover, by substituting V3! in (3.1) we get:

. 2 . .
Z Z 32
Z(ﬁvf]) (—1 +c3cz.—+££)

Z31 R®  R? 73
0

D2f(Es , 1) (VI VE) = , 2 N T
2 (v¥) _03F82<23_4> _CS.C3Z£<Zﬂ> P -1
4 R3 \Z3; R? Z13 \Z31 10 213 234

Z11 Z34 ( [3]\?

2c -— |V
10 213 231 ( * )

Hence, it is obtain that:

Z11 Z 2
(B®) [D2f (Ey , é1) (VBT VED)] = 26,0 222 (vPT) b} = 0
Z13Z31
Thus, by using Sotomayor’s theorem system (2.2) has transcritical bifurcation at E5 with the parameter ¢;; = ¢;; ,and no

pitch fork bifurcation can occurs at ¢;; = ¢4, [

Theorem (3.4): Suppose that the following conditions (4.18)and (4.19)

r,#T, (3.4a)

C10Z + €12V > (€13 + €14) (3.4b) where ¢
[y = ¢15(d13dz1d34 — di1dy3dzs) + €19 dipd3idys and

[y = ¢12d13d4d31 + €19 (d11d32d24 + dy2d31d34)

are satisfied. Then system (2.2) at the equilibrium point E, = (X,y,Z,0) with the parameter c;; = Ci; = ¢19Z + €12y —
(¢13 + €14) has:
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No saddle —node bifurcation.
Transcritical bifurcation.
No pitch fork bifurcation.

Proof: According to the Jacobian matrix J, given in[4]the system (2.2) at the equilibrium point E, has zero eigenvalue (say
A4y = 0) at ¢;4 = ¢4 , itisclear that ¢;; > 0 provided that the condition (3.4b) holds, and the Jacobian matrix J, with
¢11 = C;; becomes:

]=4 =Ju(C11) = [Eijhm'
where d;; = d;; forall i,j =1,2,3,4 except dy, = 0.

T
Now, let V4 = (vi‘” iyl ,VL‘”) be the eigenvector corresponding to the eigenvalue A,,, = 0. Thus

(Ja — AawI )V = 0, which gives:

where

A = dy3dy,ds; + dypdssds,

B = d13d21d34 - d11d23d34 - d13d24d31

C = dy4(di2d3q — di1dsz;) — dipdyids,

U; = dy dy3ds, — dy,dys3ds; — dizdyds, > 0, under the conditions of the stability (4.18) and (4.19), which are given in

[4] ,and vF] is any nonzero real number.

T —
Let B4 = (bl[“ ,biH i ,b‘[;”) be the eigenvector associated with the eigenvalue 1,, =0 of the matrix JT .

- ) . . . a1\" [4] ;
Then we have, (J§ — A4,1)B = 0. By solving this equation for B[*l we obtain, B!* = (O,O,O,b4 ) , where b," is
any nonzero real number. Now, consider:

af _ _
E = fcu(X'Cll) = (

0fi 0f; 0fs 0fy

dcyy 0cyy’ 0cyy 0y

T
) =(0,0,—z,—w)T .

S0, f..,(Ey,&11) = (0,0,—Z,0)7 and hence (B*) . (E,, &) =0 .
Therefore, by using Sotomayor’s theorem the saddle-node bifurcation condition can not satisfy. While the first condition of

transcritical bifurcation is satisfied. Now, since
[0 0 O 0 ]

0
chu(X;Cu) = |O

l0 0 o0 —1J

where Df., (X, cqq) represents the derivative of f., (X, cqq) withrespectto X = (x,y, z, w)T .Further ,it is observed
that

,£V[4],
0 0 0 01|05 * F0
B
00 0 0 U—vf;*] 0
Dﬁ:11(E41511)V[4] = 3 = Cc [4]
00 -1 0fC m| |~y;vs
U3 4 3
00 0 -1 vyl
[ vl

T
T _ Cc
(B [Dfey, (B4, E:)VI] = (0,0,0,b) <O'O'_U_3V‘[‘4] ,—v£41> = vl % 0

Moreover, by substituting V* in (3.1) we get:
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[ A A B c,c3 C
[4] [4] = 4] 4] L 2278 ~ 4]
—2—vV V, — C3C,Z = +A+c)—vV
U3 4 <U3 4 3%2 . ( 1) U3 4 RZ U3 )
c A
504 o
sz(E4 ;C=11)(V[4-] ,V[4]) = ) (4] 2 C3C3Z A C8C3 CgBC C10C
(V4) R <U_ R2 U2 + Uz U,
4-
(i)
2 U (c12B + ¢140)

Hence, it is obtain that:

(c12B + C10C)bz[;4]

)] =2

(B [D?f(E,, &) (V¥ V

()

Us

()
U

b4[1-4](C12(d13d21d34 - d11d23d34) + C10 d12d31d24 -

2
(v+")
Us
So, according to condition (3.4a) and in addition to the conditions of the stability (4.18) and (4.19), which are given in I

,we obtain that:

=2

(C12d130d24d31 + €10 (d11d32d4 + di2dz1d34) )

=2 b, —T,)

(B [D2f(E, , &) (VI , VE)] % 0
Thus, by using Sotomayor’s theorem system (2.2) has transcritical bifurcation at E, with the parameter ¢;; = ¢;4, on the
other hand if the condition (3.4a) is relegation, then we get:

’<_ 6C,c3ZA% 6czc3 C) 1
R*U, R3 (v[4])3

U? 4

D3f (Ey , &) (V4 , V14, v 141 = 0 6

6 Z(A [4] 3 &AC 3
C3CgZ [ AUy _ (v[4])

R+ Us Uz 4

0

(514 [0 By ) (V) V1L V)] = 0

So, there is no pitch fork bifurcation. m

Theorem (3.5): Suppose that the following condition (4.26)

C1X > cuZ + csW + ¢y (3.5a)
C10Z < (€11 + €13 + C14) (3.5b)
$ # & (3.5¢)
where

§1 = C1TiaT3alun + Ca(T11T34700 + T12731704) — CsT127317a3

and

&2 = c1(T13T3Tas + T127347a3) + CaT11T32Tas + Cs(T117327u3 + T13731722)

are satisfied. Then system (2.2) at the equilibrium point Ez = (%,0,Z,Ww) with the parameter

csW + ¢,) has:

No saddle —node bifurcation.
Transcritical bifurcation.
No pitch fork bifurcation.

Co = Cp = 1X — (€42 +

Proof: According to the Jacobian matrix Js given in[4], the system (2.2) at the equilibrium point E5 has zero eigenvalue

(say A5, = 0) at cg = C¢
ce = €, becomes:

Js = J5(G6) = [fij]4x4,

where 7j; =

r; forall i,j =1,2,3,4 except 75, = 0.
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Now, let V[5]=( 5] It ylsh vl[f]) be the eigenvector corresponding to the eigenvalue As, = 0. Thus (f5 —

Asyl)VIS] = 0, which gives:

(5] _ (5]
H1V2 , v3 HZV v, = Hzv,

where
H = 713734742 — 113732744 — 112734743

1= 7 )

= (raTaaTuz + T12731704) + T1173270s

HZ - { )
Ha = 712731743 — (11732743 + T13731742)

3= 7 )

{ = 111134743 + 131713744 > 0 under the condition of the stability (4.26 ) ,which is given in [4] and in addition (3.5b),and
T

vl is any nonzero real number. Let BIS! = (bf’] ,bi pls] ,bz[}s]) be the eigenvector associated with the eigenvalue A5, =

0 of the matrix jI. Then we have, (J§ —2s,/)B) =0. By solving this equation for B! we obtain, B! =

T
(O,b[zs] ,0,0) , where bl*! is any nonzero real number. Now, consider:

of 0f1 90f; 0fs 6f4)T
== fe, (X =(—,—=,—=,-—] =(,-y,0,07.
dce (X Co) (6c6'8c6'6c6'6c6 ©.-5.0,0)

So, f.,(Es,c) =(0,0,0,0)" and hence (B®)'f, (Es, &) =0 .

Therefore, by using Sotomayor’s theorem the saddle-node bifurcation condition can not satisfy. While the first condition of
transcritical bifurcation is satisfied. Now, since

0 0 O 0]

i 0 -1 0 0
chﬁ(X'C6)=

0 0 0 O

0 0 0O

where Df. (X ,cg) represents the derivative of f. (X ,ce) with respectto X = (x,y,z, w)T .Further ,it is observed that

— [5]_
H,v
0 0 0 o " ° 0
5
0 -1 0 of v —vl!
Df, (Es,éa)Vls = =
0 0 0 0|,y 0
0 0 0 o 0
_H3v£5]

(BN [0, (Bs vE)WEI = (0,55,0,0)(0, -1, 0,0) = —bEW # 0

Moreover, by substituting V%! in (3.1) we get:

—2H, (v} ])2<H1 (1 a3 )+ (c +1)+22 = H3)
2(

[51)?
/) ) (c1Hy — c4Hy — csHy)
sz(Es , 56)(\/[5] ’V[S]) =

_2C3EC387 (H1V£5])2 + 2;36‘8 H1H2(V£5]) + 2H2( ) (c9 C10H3)

2H3( ) (€12 + ¢10H3)
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Hence, it is obtain that:
(BB [D2f (Es , 6) (VIS VIS1)] = 2(\z£5])2(c11L11 — c4H, — csHy)DbY!

_ (514 5]
= 2("2 by [c1Ti3T34Tan + C4 (111 T3aTy0 + T12731744) — CsT12731743

- (C1( T137327aa + T127347a3) + CaTy1732744 — Cs (11732703 + T13T317"42))] = Z(Vgsl)bgs] (&1—¢2)
So, according to conditions(3.5a), (3.5b), (3.5¢) and in addition to the condition of the stability (4.26) given in [4], we
obtain that:

(BIS) [D2f (Es, 26) (VIS VIS1)] % 0

Thus, by using Sotomayor’s theorem system (2.2) has transcritical bifurcation at Es with the parameter ¢, = € , on the
other hand if the condition (3.5¢) is relegation ,then we get:

) S )]

(BB [D3f (s, &) (VIS), VISL, VIs)| = |

—+
i

6C3C8H12 ( 5]

|  F

O ~— ©
N
ay
’JUz| =
N2
|
N
N———
e c—

(B[s])T[D3f(}L~"5 ,56)(\/[5] ,V[S],V[S])] -0
So, there is no pitch fork bifurcation m

Theorem (3.6): Suppose that the following conditions
C2€C12

co(l+¢) < G tr (3.6a)
cgl Cy(l31154 — 1541
glaa 2(Us1lz0 — 1r1l34) (3.6b)
L34 Liglza
A #= Ay, (3.6¢)
where
I3l — 1541 Cy (I35, — 1541 cgl C32*P?  c3ly,P l31l,, — 1541
A1=_P12(3124 2134)+<2(3124 2134)+ 824)(323 1 3;2 1>+P1<—(1+cl)(3124 2134)+C1>
Lirlza L1134 L34 R*°l;3  R*“lys L1134
l l l c I3l — 1541
43 34 43 13 11¢34
and
Ay =Py cs+ C12li3 ((131l24 - lz1l34)) _ C10P2lar (lz_s _ 12_4)’
lus lialza las lis  l3a

ligly, — U435l 1
1= Be2 81 and P, = T (I31P1 + 132),
34

111143

are satisfied. Then for the parameter value :
1

CyZ"
C10C12 (1 - ‘R*z )

C2Cq2 “2
[clzocl(c1 +1)+ F(csgcg —cc0R ) + ¢s¢qp <c9 (1 —

Cy =

2"\  c3cg(c; + 1)
13*2 ) - }3*2

The system (2.2) at the equilibrium point Eg = (x*,y*,z*,w*) has saddle —node bifurcation, but neither transcritical
bifurcation, nor pitch fork bifurcation can occur at E,

proof: The characteristic equation of Jacobian matrix /e given in[4] having zero eigenvalue (say A, = 0) if and only
if N, =0 and ,then E4 becomes a non-hyperbolic equilibrium point. Clearly the Jacobian matrix of system (2.2) at the
equilibrium point E, with parameter ¢, = c; becomes:
Je=Jslci) =[1],,,
where [*;; =1;; for all i,j =1,23,4 except 33 = —c;y". Note that , c; > 0 under the conditions of the stability
T

(4.29),(4.32) and ( 4.33), which are given in [4]. Now, let VI6] = (vf’] ,viel ylel ,V£6]) be the eigenvector corresponding
to the eigenvalue Agy, = 0. Thus (J*, — A,, 1)V = 0, which gives:

6 _ p il el _ L2 6l _tel _ p el

Vi =Pvy, vy —V,, V. =Pv,
43
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T
and v is any nonzero real number. Let B¢l = (b{ﬁ].bgé],bgﬁ],bf’]) be the eigenvector associated with the

eigenvalue g, =0 of the matrix J¢' . Then we have, (Ji" — A¢,1)B!®! = 0. By solving this equation for B! we
obtain,
l31l5, — 1541 l
b{ﬁ] _ 31%24 21 34b[6] ,b[6] — 24 bgﬁ],

2 3
l11134 34

1 131l24 B 121l34
st = _1_[113< L1l >+ 123) by
43 1134

and b£6] is any nonzero real number. Now, consider:

9 af, of, 0fy Ofi\'
a—£=ﬁ4(x,c4)=(i,ﬁ,£,ﬁ) =(0,-y20,0)" .

dc, 0dc, Oc, Ocy

fe,(Es ,c3) = (0,—z"y*,0,0)" and hence (B[6])ch4 (Eg,c3) = — z*y*b£6] # 0. Therefore, by using Sotomayor’s theorem
the transcritical and pitchfork bifurcation cannot occur. While the first condition of saddle-node bifurcation is satisfied. Now,
by substituting V!®! in Eq (3.1) we get:

* lel y,l6]) _
D*f (Es, C4)(VG Ve ) = (hii)4><1
_ [6]\2 C3CZ ) _ C2C3ly
hyy = —2P,(v)) (Pl (1 =) (e R
2 Cyl
h21 = 2(172[6]) <C1P1 + % - C5P2>
43

203C52* P72 2c3cgli, Py 200l 2¢10P,1 2
J31 :<_< 3t8 1 38442 1+ 9 42)+ 1042 42) ('172[6])

R*? R*?ly5 las las
2 C1olaz
14_1 = 2P2 (172[6]) (Clz - l )
43

Now,

(Bée])T (sz(Ee, (v, V6[6]))

— Zb[e](v[G]) _p2 (131124 —lp1l34) <Cz(131lz4 —lp1134) 08124) (‘732*1'712 C3l42P1)
2\ ! lirlss li1l3a L34 R*3l,;  R*%ly
l311,, — 1541 l l l c l311,, — 1541
+ P (_(1 + Cl)w + c1> l42 ( + 12_4€9> 123 Py + l;o Pyl (( 31 2l4 : 21 34))
11434 43 34 43 43 11434

l43 llll34 l43 l4-3 l34
provided that the conditions (3.6a) — (3.6¢) in addition to the conditions of the stability (4.29),(4.32) and ( 4.33), which
are given in [4]. Therefore, according to Sotomayors theorem the saddle node bifurcation occur at E, m

_p, (Cs n 1213 ((131124 - 121134))> n C10P2l42 <lz_3 _ l2_4)l —2p 6]( ) (Ay—Ay) #0

Hopf bifurcation analysis:
To discuss the occurrence of Hopf bifurcation , first we need to know that the Hopf bifurcation for n = 4 are constructed
according to the Haque and Venturino methods [10]. Consider the characteristic equation given by:

4()_ CzT +C3T+ 4—

e o= tr(37), G = My (36 ) G - Ma(367) mic, —aer(a(x)

with M 1(J (x )) and M 5 (J (x » represent the sum of the principal minors of order two and three of

*
J\X | respectively.

Clearly, the first condition of Hopf bifurcation holds if and only if:
Ci>0;i=13;A;=CC, —C3>0;C>—4A; >0
2
Ay =C3(CiC; —C3)—C{Cy =0
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C3(C,C, - C3)
Cf

Consequently, .C4 = So, the characteristic equation becomes:

P4(T): 72+% 72+C12'+% =0 (1.31)
1 1

Clearly, the roots of eq. (1.31) are :

1 A [c
71’2 IE _Cl + Cl — C—l ,T3,4 =] C—3
1 1

Now, to verify the transversality condition of Hopf bifurcation, we substitute z(n) = ¢, (1) + ig,(n) into eq. (1.31), and

then calculating its derivative with respect to the bifurcation parameter 7 , P;(T(n)) = 0 comparing the two sides of this
equation and then equating their real and imaginary parts, we have:

T 6, () — @) g, +O(1) =0 } (132)
D(m) ¢, (M + ¥ ,(m) +T(m) =0

where

B = 4 (¢, (0)° + 36,006, (M) + €301 + 26,(n)s, (1) N
—=12.¢,(m) 2(m) — 3¢, (1) (5, (M)?

D) =12 (5,(m)?*c, (M) + 6C1(1m) ¢, (M) ¢, (M) + 2 C,(1)c, (M)
—4(c,(M)?

0 = (g, M)*Cim) + C3(m) ¢, () + C; () (g, (M))? + Ca(n) >
= 3C1(m) ¢, M (s, (M)* = C;(m) (g, (M)?

T(m) =3 (5,m)*c,MCi(m) + €301, () + 2C;(m) ¢, (1) ¢, ()

1.33)

- C1(mM(,(m)?
_/
Solving the linear system (1.32) by using Cramer's rule for the unknowns g'l(n) and g'z (n), gives that:
) = _Om¥m) + T ) = —TmM¥@) + 0P
= FMR+@m)? T T @m)? + (@m))?

Hence the transversality condition not being zero if and only if:
OmMYm) +T(m@(m) #0 (1.34)

Theorem (4.1): Suppose that the following conditions (4.29) — (4.34) and in addition to the following condition:
3

N
Ny < A < Tl (4.1a)
C10CoZ* > €1,N; (4.1b)

Where A= —l;1(ps + ps) — (P + P7 + p1o), are satisfied, then at the parameter c¢s = ¢ ,the system (2.2) has a Hopf
bifurcation near the point Eg

Proof: Consider the characteristic equation of system (2.2) at E, which is given in[4], Then by using the Hopf bifurcation
theorem for n = 4, we need to find a parameter say (c2) to verify the necessary and sufficient conditions for Hopf bifurcation
to occur satisfy that: N;(cZ) > 0; i = 1;3, A;(c2) >0, N3(c2) —4A,(cd) >0 and A,(ci) =0.

Where N;; i =1,3 represent the coefficients of characteristic given in[4] straight forward computation gives that:
N:(cz)>0 ; i=13 ,N;, >0 provided that the condition (4.29) which givenin[4] and N5 >0, A;(cZ) > 0 provided
that conditions of the stability (4.29) — (4.32) and (4.34) are hold, which are given in [4], While N3(c%) — 4A,(c}) > 0
provided that condition (4.1b) holds. On the other hand, it is observed that A,= 0 gives:

P1¢E + @acs + @3 =0 (4.1¢)
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where
01 = l3alazy " (Linlay — I32143) < 0
@2 = [1F11a2pa — l32lazPe + Lilazpe + 131 (Lialszlas — Lizlsilas) — pr(lsplas — Liglsy)
+ l33li3(N1 (ps + p5) — [(Ps — L11p1) + 07 — Liap2D) 1y”
Y3 = 151(172?94 +ps(py + Pz)) - Pe((Pe —liip1) +p7 — 111P2) + 1%1199 + lllpﬁ(l%l —(ps t+ ps))

+ Py (N1 (P4 + ps) — (Ps — l11p1) + P7 — Li1P2)
it is easy to verify that, the eq. (4.1¢) has a unique positive root

-1
cs = E(‘Pz + f‘l’zz _4<P1(P3>

provided that conditions (4.29) —(4.32) and (4.34) given in[4] , Now, at cg = cZ the characteristic equation given in.[4]
can be written as:

Ny A
(Aé +N_1)(Aé + N116 +E) = 0 )

which has four roots A, = +i [ 11VV—3 and Ag ,w = %(—N1 + |NZ - 4%).
1 1

Clearly, at c¢s = c5 there are two pure imaginary eigenvalues ( 44, and A4, ) and two eigenvalues which are real and
negative (4.1a). Now for all values of c5 in the neighborhood of cZ , the roots in general of the following form:

. . 1 2 Al
A6X =81+182 '/16y =81 _182 'A6Z,W =E _Nl i Nl —4F
1

Clearly, Re (/16 x,y(cs)) |C5:C; = §,(cz) = 0 that means the first condition of the necessary and sufficient conditions for
Hopf bifurcation is satisfied at ¢ = c; .Now, according to verify the transversality condition we must prove that:

0(c2) Ples) +T(c) @(c5) #0
where ®,%, T and ® are given in (1.33). Note that for cs = ¢X we have §; =0 and &, = \[%E , substituting the value
1
of (8,) gives the following simplifications:

‘T'(Cg) =—2N3(c3) ,

_ 8,(ce
D (ci)=2 2]\(1 :) (NiN; —2Ns) ,
1
n * ' * N3 ! *
O(cs) = Ny(cs) — N—Nz(cs) ,
1

_ : N;
I'(c5) = 8,(c3) (Ns(CE) _ENl(C;)> )

where
dN; |
1= Gg, o= =0
., dN, ‘ .
2= d—C5 cs=ci = ly™
,  dN; ‘ .
N3 = d—C5 cs=ci = (Is2las + Nilgy)y™
dN, ‘ ;
4= d_C5 cs=ct = (Nilsplys + Dslaz + l1lialas)y”™
Then we are calculate:
_ _ _ _ l,,N. 2N.
0(cs) Y(cs) +T'(cz) D(c3) = <l43(N1l32 + l31l15) + pslay + _%> (—2N3y") + N—23 (A1 = N3)(Uz2l43 — L la)y”
1 1
*0

provided that conditions (4.1a)and (4.29) — (4.32) (4.34) and (3.6a) are hold. So, we obtain that the Hopf bifurcation
occurs around the equilibrium point E, at the parameter cs = ¢ and the proof is complete. ]
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Numerical Simulation of system (2.2) [4]

In this section, we confirmed our obtained results in the previous sections numerically by using Runge Kutta method along
with predictor corrector method. Note that, we use turbo C++ in programming and matlab in plotting and then discuss our
obtained results. The system (2.2) is studied numerically for different sets of parameters and different sets of initial points.
The purpose of studying numerical simulations is to first check for existence of the bifurcation near equilibrium points and
secondly confirm our obtained analytical results. It is observed that, for the following set of hypothetical parameters, system

(2.2) has a globally asymptotically stable positive equilibrium point as shown in:

Fig.(1) [4].

System (2.2) is solved numerically for the data given in ( 5.1 ) with varying one parameter at each time which results the

following outputs that represent the numerical bifurcation of system (2.2):
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FIGURE 1: Time series of the solution of system (2.2) for the data given in (5.1) with different value of c;; : (A1) globally
asymptotically stable of the positive equilibrium point E; = (0.75,0.09 ,0.56,0.27) for c;; = 0.167, (A2) globally
asymptotically stable of the infected prey free equilibrium point E; = (0.819,0,0.541,0.094) for c¢;; = 0.169, while (A3)
globally asymptotically stable of the disease free equilibrium point E; = (0.8,0,0.6,0) for ¢;; = 0.2, (A4) globally
asymptotically stable of the infected predator free equilibrium point E, = (0.719,0.067,0.499,0) for c;; = 0.25 , (A5)
globally asymptotically stable predator free equilibrium point E, = (0.22,0.52,0,0) for c¢;; = 0.6.

Clearly, figure (1) shows that system (2.2) has a bifurcation at death rate of predator (c,,) in the range above keeping other
parameters as data given in (5.1)

Bl
. B2
3 T
. 1 T T T T
susceptible prey x
09y — infected prey y I 09
— susceptible predator z
08 — infected predatorw || 08 ——— Suscepible prey x
07 07 — Infected prey y
' — Susceptible predator z

. 0.6 06 — Infected predator w
§ “‘ 5
B osp i
50'5 “‘M“ %05
2 VA _— o
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03 | w 03

A
02‘MMWW ) 02
|
01 \ 0.1
J\/\/\/\/v
0 L L 0 r r r r
0 5000 10000 15000 0 1 2 3 4 5 6
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FIGURE 2: (B1) Time series of the solution of system (2.2) approaches to the positive equilibrium point E, at c, = 0.123,
while (B2) the time series of the trajectory is approaches asymptotically to the infected prey free equilibrium point E5 =
(0.92, 0, 0.24, 0.39) for the data given in (5.1) with ¢4 =0.125,

Clearly, figure (2) shows that system (2.2) has a bifurcation at the death rate of infected prey due to disease rate c; = 0.124
keeping other parameters as data given in (5.1) .
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FIGURE 3 :(C1) the time series of the trajectory id approaches to the positive equilibrium point E4 at ¢, = 0.96, while
(C2) time series of the solution of system (2.2) approaches asymptotically to the infected prey free equilibrium point Eg =
(0.92, 0, 0.24, 0.39) for the data given in (5.1) with c, =0.98.
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Clear, figure (3) shows that system (2.2) has a bifurcation at the maximum attack rate for infected prey c, = 0.97 keeping
other parameters as data given in (5.1) .

Moreover system (2.2) is solved numerically for the data given in (5.1) with varying one parameter at each time and the
obtained results are given in table (1), for more details see [4].

TABLE 1: numerical behaviors of system ( 2.2) for the data given in (/5.1) with varying one parameter at each time

Range of parameter Numerical behavior of system (2.2) Bifurcation
0<¢ =037 Approach to the infected prey free equilibrium point Eg
037 <er <15 Approaches to the positive equilibrium point E
0.3<c, <145 Approaches to the positive equilibrium point Eg
Las<c, Approach to the infected prey free equilibrium point E5
0<c3<15 Approaches to the positive equilibrium point Eg i
04<c, <097 Approaches to the positive equilibrium point Eg
0.98 < ¢, <15 Approach to the infected prey free equilibrium point E
0.2 <c¢5<0.58 Approaches to the positive equilibrium point Eg
0.58 <5 <15 Approach to the infected prey free equilibrium point E
0< ¢ <0124 Approaches to the positive equilibrium point Eg
0124 < ¢y <1 Approach to the infected prey free equilibrium point Es
0< ¢; <0214 Approaches to the positive equilibrium point Eg
0.215<c¢; <1 Approach to the infected prey free equilibrium point Es
0<cg<04 Approaches to the positive equilibrium point E

cg < 0.012and ¢; < 0.1

Approaches to the axial equilibrium point E;

0<cy<0.5

Approaches to the positive equilibrium point E,

0.1 < ¢ < 0.35

Approach to the infected prey free equilibrium point E

0.35 < ¢;9 < 0.95

Approaches to the positive equilibrium point Eg

0< ¢y <0.168

Approaches to the positive equilibrium point E,

0.168 < ¢;; < 0.2

Approach to the infected prey free equilibrium point E

C11 = 0.2

Approach to the disease free equilibrium point E;

0.2 < ¢y <031

Approach to the infected predator free equilibrium point E,

031<c¢1 <1 Approaches to the predator free equilibrium point E,
0<c¢,<03 Approaches to the positive equilibrium point Eg i
0< ¢35 <0.09 Approaches to the positive equilibrium point Eg

0.1 <cp3 <041

Approach to the infected prey free equilibrium point E

0.04 < ¢;, < 0.188

Approaches to the positive equilibrium point Eg

0.188 < ¢4 < 0.5

Approach to the infected prey free equilibrium point E
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DISCUSSION

In this paper, we studied the conditions of the occurrence
of local bifurcation for example (saddle-node, transcritical
and pitchfork) with particular emphasis on the Hopf
bifurcation near of the positive equilibrium point of eco-
epidemiological by using the Sotomayrs theory and the
Hopf bifurcation theory.

Mathematical model involving Sl infectious disease with
harvest in infected population whereas ,this disease cannot
transmitted from the prey to the predator or converse , but
the disease is transmitted in the same species by contact
.The dynamical behavior of system (2.2) has been
investigated local bifurcation as well as Hopf bifurcation.
Further, system (2.2) has been solved numerically for
different sets of initial points and different sets of
parameters starting with the hypothetical set of data given
by eg. (5.1) and the following observations are obtained.

e  The system within the set of parameters imposed does
not have a periodic solution.

e The parameters cs, cg, ¢ and c,, Which represent the
half saturation, the conversion rate of the susceptible
and infected predator cg ,cq and c;, respectively did
not play an important role in the bifurcation analysis.

e Asincreasing the infection rate of prey and predator in
the range ¢, >037and  0.35 < ¢y <0.95
respectively and keeping the rest of parameters as in
eg. (5.1), the solution of system (2.2) approaches to
positive equilibrium point E,. However if 0.37 < ¢; <
1.5and 0.1 < ¢;q < 0.35 then the infected prey will
face extinction then the trajectory transferred from
positive equilibrium point to the equilibrium point Es,
thus, the ¢; = 0.37 and ¢, = 0.35 parameter are a
bifurcation points.

e As, increasing the maximum attack rate of susceptible
predator for susceptible and infected prey in the range
03<c, <145 and 0.4 <c, <0.97 respectively
and keeping the rest of parameters as in eq. (5.1), the
solution of system (2.2) approaches to positive
equilibrium point E;. However if 1.45 <c¢, and
0.98 < c, then the infected prey will face extinction
then the trajectory transferred from positive
equilibrium point to the equilibrium point Eg, thus, the
¢, = 1.45 and ¢, = 0.97 parameters are a bifurcation
points.

e As increasing the maximum attack rate of infected
predator for infected prey , harvesting rate and death
of infected predator are due to disease, the parameter
in the range 0.2 <c¢5; <058 ,0<c¢;, <0.214,
0.04 < ¢4, <0.188and 0 < ¢;3 < 0.09 respectively
and keeping the rest of parameters as in eq. (5.1), the
solution of system (2.2) approaches to positive
equilibrium point E,. However if 0.58 < ¢5 , 0.215 <
¢;,0.188 < ¢y, and 0.1 < ¢35 <0.041 then the
infected prey will face extinction then the trajectory
transferred from positive equilibrium point to the
equilibrium point Eg, thus, the ¢ =0.58 , ¢, =
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0.214 ,c;4, = 0.188 and ¢35 = 0.1 parameters are a
bifurcation points.

As increasing the death rate of the infected prey due to
disease in the range0 < ¢, < 0.124 keeping the rest of
parameters as in eq. (5.1), the solution of system (2.2)
approaches to positive equilibrium point E,. However
if 0.124 < ¢, <1 then the infected prey will face
extinction then the trajectory transferred from positive
equilibrium point to the equilibrium point Eg, thus, the
cs = 0.124

As the natural death rate of predator c,, decrease to
0.168 keeping the rest of parameters as in eq.(5.1), the
solution of system (2.2) approaches to positive
equilibrium E;, for more increasing in the range
0.168 < ¢;; < 0.2 causes extinction in the infected
prey and the system will approach the infected prey
free equilibrium point Es, further for ¢;; = 0.2 the
solution of the system (2.2) approaches to the disease
free equilibrium point E; ;additional for 0.2 < ¢;; <
0.31 causes extinction in the infected predator and the
system will approach the infected predator free
equilibrium pointE, , then more increasing of this
parameter in the range 0.31 < ¢;; < 1 the solution of
the system (2.2) approaches to the predator free
equilibrium point E, thus, the c;; parameter when
;1 =0168,¢c,;, =02 and ¢;=031 is a
bifurcation point.
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