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ABSTRACT
The algebraic structure of semigroup with KU-algebra is called KU-semigroup and then we investigate some basic
properties of this structure. We define the KU-semigroup and several examples are presented. Also, we study some types
of ideals in this concept such as S-ideal, k- ideal and P-ideal. The relations between these types of ideals are discussed and
few results for product S-ideals of product KU-semigroups are given. Furthermore, few1results of some ideals in KU-
semigroup under1homomorphism1are discussed.
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INTRODUCTION
Theˑnotion ofˑBCK and BCI-ˑalgebrasˑare first
introducedˑbyˑImai and Is´eki in 1966[2,3]. BCI-algebra is
aˑgeneralizationˑof BCK-algebra. In 1993, Jun and Hong
[5] introduced aˑnew class of algebrasˑrelated to BCI-
algebras andˑsemigroups, called a BCI- semigroup. For the
convenience of study, Jun et al.[6,4] renamed the BCI-
semigroup as theˑIS-algebra and studiedˑfurther properties
of these algebras. Several authors studied the algebraic
structuresˑwith semigroups see[1,7,8,12]. Prabpayakˑand
Leerawat [13, 14] introducedˑa new algebraicˑstructureˑwhich
is calledˑa KU-algebra. Theyˑgaveˑthe conceptˑof homo
morphisms ofˑKU-algebrasˑand investigated some related
properties. In this paper, by combiningˑKU-algebras and
semi groups, we introduce the concept of KU-semigroups.
We define some types of ideals in this concept such as S-
ideal, k- ideal and P-ideal. The relations between these
types of ideals are discussed and few results for product S-
ideals of product KU-semigroups are given. Furthermore,
few results of some ideals in KU-semigroup under
homomorphism 1are discussed.
2. Preliminaries
In this section, we present some definitions and
background about KU-algebra.
Definition 2.1.[13] Algebra )0,,( X is called a KU-algebra

if it satisfies the following axioms:

( 1ku ) 0)]())[()(  zxzyyx ,

( 2ku ) 00 x ,

( 3ku ) xx 0 ,

( 4ku ) 0 yx and 0 xy implies yx  and

( 5ku ) 0 xx .

On a KU-algebra X , we can define a binary relation  by
putting 0 xyyx . Then ),( X is a partially

ordered set and 0 is its smallest element. Thus )0,,( X

satisfies the following conditions. For all Xzyx ,, , we

that

( \1
ku ) )()()( yxzxzy  ,

( \2
ku ) x0 ,

( \3
ku ) xyyx  , implies yx  and

( \4
ku ) xxy  .

Theorem 2.2 [9]. In a KU-algebra X . The following
axioms are satisfied. For all Xzyx ,, ,

(1) yx  Imply zxzy  ,

(2) )()( zxyzyx  ,for all Xzyx ,, ,

(3) yxxy  ))(( .

Definition 2.3 [14]. A non-empty subset S of a KU-

algebra )0,,( X is calledˑ KU-sub algebra of X if

Syx  whenever Syx , .

Definition 2.4 [13]. A non-emptyˑsubset I of a KU-
algebra )0,,( X is calledˑan ideal of X if for any

Xyx , , then

(i) I0 and

(ii) Ixyx  , imply that Iy  .

Definition 2.5 [13]. Let I be a nonˑempty subset of a
KU-algebra X . Then I is said to be a KU-ideal of X , if

)( 1I I0 and )( 2I Xzyx  ,, , Izyx  )(
and Iy imply that Izx  .

Definition 2.6 [11]. A KU-algebra )0,,( X is saidˑto be a

KU-commutative ifˑit satisfies: for all yx, in X ,

yyxxxy  )()( , where xxyyx  )( ,

i.e. xyyx  .

Example 2.7 [11]. Let },,,,,0{ edcbaX  ˑbe a set,

with theˑoperation  defined by the following table:
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Thenˑ )0,,( X is aˑKU-algebra andˑKU-commutative.

3. A KU-algebra with semigroups
Now, we give the definition and properties of a KU-algebra with semigroups.

Definition3.1. A KU-semigroupˑis aˑnonempty set X with twoˑbinary operations , and constant 0 satisfying

theˑfollowing axioms
(I) )0,,( X isˑa KU-algebra,

(II) ),( X is aˑsemigroup,

(III) The operation  ˑis distributiveˑ (on bothˑsides) over theˑoperation , i.e.

Example 3.2. Letˑ }3,2,1,0{X beˑaˑset. Define  -ˑoperation and  -ˑoperation by the following tables

By routine calculations, itˑis easy toˑshow that )0,,,( X is a KU-semigroup

Proposition 3.3. Let )0,,,( X be a KU-semigroup . The followingˑaxioms areˑsatisfied. Forˑall Xzyx ,, ,

Proof. ˑ (1) 0)0()0()00(0   xxxx and 0)0()0()00(0  xxxx  .

(2) Let yx  ,ˑthen weˑhave 0 xy . Now, 00)()()(   zxyzxzyz , it follows that

yzxz   . Similarly, we can proveˑthat zyzx   .

(3) ˑwe have

)()(

)()]()[()()]([])[()(

zxyx

yxyxzxyxyzxyyzxzyx








By the same way, weˑcan prove thatˑ )()()( zyzxzyx   .

Propositionˑ3.4. Letˑ )0,,,( X beˑa KU-semigroup andˑ Xzyx ,, .ˑThen the followingˑ properties hold

(i) yxyxyx   )0()0( ,

(ii) If 0yx  , then zxzyx   )( ,

(iii) If 0zx  , then zyzyx   )( ,

(iv) )](0[)()]0([ zxyxzyx   and )](0[)()]0([ xzxyxzy   .

 0 aˑ b c d e

0 0 a bˑ c d e

a 0 0 b c bˑ c

b 0 a 0ˑ b aˑ d

c 0 aˑ 0 0 a a

d 0 0ˑ 0 b 0 b

e 0 0 0 0 0 0
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Proof. Clear.
In the following, we define a new concept which is called a strong KU-semigroup.
Definition 3.5. ˑLet )0,,,( X be a KU-semigroup. If yxyyx  )(  , for all Xyx , , then )0,,,( X is called a

strong KU-semigroup.
Definition 3.6. anˑelement e is called a unity in a KU-semigroup if xexxe   , for all Xx . If X is a strong

KU-semigroup with a unity e , then e is the greatest element in X , since 0)(  xxxexxe  , for all

Xx .

Theorem 3.7. Letˑ )0,,,( X beˑa strong KU-semigroup. Then the following properties hold, for all Xyx , ,

(1) yyx  ,

(2) yxxyx  ,

(3) yxyyxy  )()(  .

Proof. (1) Let Xyx ,

.00)(

])[()()]([)(])[()(








xyyx

yyyxyxyyxyxyyxyxy

Hence yyx  .

(2) if yx  , then 0 xy .ˑIt follows that 0)(  xyx  , hence

yxx  , conversely it is clear.

(3) Let Xyx , , we have

yxyyxyxyxyyxyxy  )()])[()(])[()(  .

Theorem3.8. Let )0,,,( X be aˑstrong KU-semigroup and xxyyyx  )()( . Then yxyx  .

Proof. Let Xyx , , we have

4.  Some types of ideals in a KU-semigroup
In this part , we introduce some types of ideals in a KU-semigroup and we prove that some intresting properties.
Definition 4.1. ˑA nonemptyˑsubset A ˑof X is calledˑaˑsub KU-semigroupˑof X , if Ayxyx  , , forˑall Ayx , .

Definition 4.2. A nonˑempty subset A ˑof a KU-semigroup X isˑcalled an S-ideal of X if
i) A isˑanˑidealˑof X ,
ii) Forˑall Xx , Aa , weˑhave Aax  and Axa  .

Example 4.3. ˑLet },,,0{ cbaX  beˑa set. Define  -ˑoperation and  -ˑoperation by the followingˑtables

Then )0,,,( X is a KU-semigroup and },0{ b is an S-ideal of a KU-semigroup.

Theorem 4.4. In a KU-semigroup X . AnyˑS-idealˑof X is a sub KU-semigroup ofˑ X and the converse is not true.

Proof. ˑLet A ˑbe anˑS-ideal of X . Thenˑ A0 and 0)(  yxy , forˑall Xyx , . Thus for Ayx , we have

Ayxy  )( , which implies Ayx  . And  by Theorem 3.7 (1) we have, for all Xyx ,
0)(  yxyyyx  . It follows that for Ayx , and Ayxy  )(0  implies that Ayx  . Hence A

is a sub KU-semigroup.
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The converse of this Theorem, it is easy to show that in example 4.3 },0{ aB  is a sub KU-semigroup but not S-ideal,

since Bba  0 and Ba but Bb .
Definition 4.5. A nonˑempty subset A ofˑa KU-semigroup X is calledˑan k-ideal of X if
i) A isˑan KU-idealˑof X ,
ii) For all Xx , Aa , we have Aax  and Axa  .
Theorem 4.6. Let X beˑa KU-semigroup. A non emptyˑsubset A ofˑa KU-semigroup X is anˑk-idealˑof X if andˑonly if
A is an S-idealˑof X .

Proof. ˑLet A beˑan k-idealˑin X; it is clear that A0 . Since for any Xzyx ,, , AzxAyAzyx  )(,))(( ,

thenˑby put 0x , we obtain AzAyAzy  ,)( . Hence I isˑanˑS-ideal of X .

Conversely, ˑlet A be an S- ideal of X , then A0 . Now, if AyAzyx  ,))(( ,ˑthen  (by Th.2.2 (2))

Azxy  ))(( and Ay , since A ˑis anˑS-ideal of X , thus Azx  )( , therefore A isˑan k-idealˑof X .

Combining Theoremˑ4.4 and Theoremˑ4.6, we have the following corollary.
Corollary 4.7. Anyˑk -ideal ofˑa KU-semigroup X is a sub KU-semigroup.
Definition 4.8. A non emptyˑsubset A of a KU-semigroup X isˑcalled anˑP-ideal ofˑ X if

Exampleˑ4.9. Letˑ },,,0{ cbaX  be aˑset. Define  -operation and  -operation by the following tables

Then )0,,,( X is a KU-semigroup and },,0{ ba , },0{ c are P-ideals of a KU-semigroup.

Lemma 4.10. In a KU-semigroup X . Any P-ideal is an S-ideal .
Proof. Let A be an P-ideal of X . we put 0z in Definition4.8. (p1) to obtine the result.

Propositon 4.11. Letˑ 1A and 2A be two S-ideals of a KU-semigroup X , then 21 AA  is anˑS-ideal of X .

Proof . Let 1A and 2A be two S-ideals of X , for any Xx and 2121 , AaAaAAa   . Then

1, Axaax  and 2, Axaax  implies that 21, AAxaax  
Now, let 21 AAyx  and 21 AAx  , then 11, AxAyx  and 22 , AxAyx  and since 1A , 2A are S-

ideals of X implies that 1Ay and 2Ay . Hence 21 AAy  , it follows that 21 AA  isˑan S-ideal of X .

Proposition 4.12. Let and be twoˑS-ideals of aˑKU-semigroup , then ∪ is an S-ideal of X if ⊆ or⊆ .
Proof. Suppose and be two S-ideals of a KU-semigroup thatˑwithoutˑloss of generalityˑwe may assumeˑthat ⊆
, then ∪ =
Since is an S-ideal, So ∪ is an S-ideal.
Similarly, if ⊆ , then ∪ = and Since is an S-ideal, So ∪ is an S-ideal.
Now, the product of two ideals in a KU-semigroup is given in the following definition
Definition 4.13. Let and be two an S-ideals in a KU-semigroup X . The product × = {( , ): ∈ , ∈ }

and the binary operations "  " and  " "  on 21 AA  are define by the following : for all ( , ) , ( , ) ∈ × .
( , )  ( , ) = (  ,  ),
( , )  ( , ) = ( ∗ , ∗ ) .
Proposition 4.14. ˑLet and be two S-ideals of KU-semigroup . Then × is anˑS-ideal ofˑ  .
Proof . Let ( , ) ∈ × ( , ) ∈ × .

Then ( , )  ( , )= (  ,  ). Since ,  ∈ and  ∈
Then (  ,  ) ∈ × . So ( , )  ( , ) ∈ × and by the same way, we prove that

212121 ),(),( AAxxaa 
Now,
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Let ( ∗ ) ∈ × and ∈ × , where = ( , ) , =( , ) ∈ ×
If [( , ) ∗ ( , )] ∈ × and ( , ) ∈ × .
Then ( ∗ , ∗ ) ∈ × and ( , ) ∈ × , it follows that∗ ∈ , ∗ ∈ and ∈ , ∈ .
Then ∈ and ∈ [Since , are two S-ideals], So ( , ) ∈ × ,
then ∈ × . Hence × is an S-ideal.

5- homomorphism of KU-semigroup
LetˑX andˑ ′ be two KU-semigroups. A mappingˑ ∶ → ′ is called a KU-semigroup homomorphismˑif ( ∗ ) =( ) ∗ ( ) and (  y)= ( )  ( ), for all , ∈ . The set { ∈ | ( ) = 0} is called theˑkernel of and denote
by . Moreover, the set { ( ) ∈ ′ | ∈ } is called theˑimage of andˑdenote by .
Proposition 5.1. Let : → ′ be a KU-semigroupˑhomomorphism. Thenˑfor all , ∈ .
i) (0) = 0ʹ.
ii) ≤ imply ( ) ≤ ( ).
iii) ( ⋀ ) = ( )⋀ ( ).
Proof: (i) Suppose that is an element of . Then(0) = ( ∗ ) = ( ) ∗ ( ) = 0
(ii) Let ≤ . Then we have ∗ = 0. Thus we have0 = (0) = ( ∗ ) = ( ) ∗ ( ), and so ( ) ≤ ( ).
(iii) ( ⋀ ) = ( ∗ ) ∗ = ( ∗ ) ∗ ( ) = [ ( ) ∗ ( )] ∗ ( ) = ( )⋀ ( ).
Proposition 5.2. Let : → ′ be a KU-semigroup homomorphism and }0{)0(1  . Then if ( ) ≤ ( ) imply ≤.
Proof: If ( ) ≤ ( ), then we have ( ) ∗ ( ) = ( ∗ ) = 0 and so ∗ is an element of )0(1 . Hence ∗= 0, it follows that ≤ .
Proposition 5.3. Let : → ′ be a KU-semigroup homomorphism. Then ker is an S-ideal of .
Proof . Let : → ′ be a KU-semigroup homomorphism and , ∈ such that ∗ ∈ ker( ) and ∈ , so( ∗ ) = 0 and ( ) = 0, it follows that( ) ∗ ( ) = 0 and ( ) = 0 , then 0 ∗ ( ) = 0 imply ( ) = 0 and∈ . Hence is an ideal of KU-algebra.
Now, let ∈ and ∈ ker so ( ) = 0 , then(  ) = ( )  ( ) = ( ) 0 = 0. Hence  ∈ and(  ) = ( )  ( ) = 0  ( ) = 0. Hence  ∈ . So ker is an S-ideal of KU-semigroup.

Proposition 5.4. Let : → ′ be a KU-semigroup epimorphism and be an
S-ideal in . Then ( ) is an S-ideal in ′.
Proof . Let be an S-ideal of  , and suppose that ( ), ( ) ∈ ( ) for some , ∈ such that ( ) ∗ ( ) ∈( ) and ( ) ∈ ( ) to prove ( ) ∈ ( ).
Since is a homomorphism, then ( ) ∗ ( ) = ( ∗ ) and since ( ) ∈ ( )
Thus ∗ ∈ , ∈ → ∈ [since A is an ideal]
Therefore ( ) ∈ ( ). Hence ( ) is an ideal in ′.
Now, ( ) ∈ ( ) and ∈ ′where ∈ .
Since onto, then there exists ∈ such that ( ) = . To prove  ( ) ∈ ( )
Since ∀ ∈ and ∈ , we have  ∈ and  ∈ [ is an S-ideal]. So (  ) ∈ ( ), and (  ) ∈ ( ).
Hence (  ) = ( )  ( ) =  ( ) ∈ ( ) and (  ) = ( )  ( ) = ( )  ∈ ( ). Then ( ) is an S-
ideal in ′.
Theorem 5.5. Let : → ′ be a KU-semigroup homomorphism. If is an S-ideal of ′ , then ( ) ={ ∈ | ( ) ∈ } is an S-ideal of containing .
Proof- Let : → ′ be a KU-semigroup homomorphism and , ∈ such that∗ ∈ ( ) and ∈ ( ), then ( ) ∗ ( ) = ( ∗ ) ∈ and ( ) ∈ . and since is an S-ideal, it
follows that ( ) ∈ . That is ∈ ( ) , therefore ( ) is an ideal of . Moreover {0} ⊆ implise that =({0}) ⊆ ( ).
Now, Suppose that is an S-ideal of ′. Let ∈ and∈ ( ) , then( ) ∈ and (  ) = ( )  ( ) ∈ and(  ) = ( )  ( ) ∈ . Hence  ,  ∈ ( )
and then ( ) is an S-ideal of containing .
Proposition 5.6. Let : → ′ be a KU-semigroup
epimorphism and be an P-ideal in . Then ( ) is an
P-ideal in ′.
Proof. Let be an P-ideal of  .

Now, Suppose that ( ), ( ), ( ) ∈ ( ) for some, , ∈ such that( ) ∗ [ ( ) ∗ ( )] ∈ ( ) and ( ) ∗ ( ) ∈ ( ) .
Since is a homomorphism, then [ ∗ ( ∗ )] ∈ ( )
and ( ∗ ) ∈ ( )
Thus ∗ ( ∗ ) ∈ , ∗ ∈ → ∗ ∈ [since is P-
ideal]
Therefore ( ) ∗ ( ) = ( ∗ ) ∈ ( ).
Now, let ( ) ∈ ( ) and ∈ ′, where ∈ .
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Since onto, then there exists ∈ such that ( ) = .
To prove  ( ) ∈ ( )
Since ∀ ∈ and ∈ , we have  ∈ and  ∈

[ is an P-ideal]. So (  ) ∈ ( ), and (  ) ∈( ). Hence (  ) = ( )  ( ) =  ( ) ∈ ( )
and (  ) = ( )  ( ) = ( )  ∈ ( ).
Hence ( ) is an P-ideal in ′.

CONCLUSION
A new concept of KU-algebras which is called a KU-
semigroup . This concept we obtained by a combining
KU-algebras and semigroups and discussed few properties
of this concept and investigate some related results.
Moreover, some types of ideals in KU-semigroup are
studied and the product of S-ideals to a KU-semigroup is
established. The notion of a homomorphism of a KU-
semigroup is discussed. The mainˑpurpose ofˑour future
workˑis to study of a fuzzy KU-semigroup and a
generlazation of a fuzzy KU-semigroup such as a bipolar
of a fuzzy KU-semigroup and interval value of a fuzzy
KU-semigroup. Also, we can introduce the notion of graph
for a KU-semigroup.
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