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ABSTRACT

The agebraic structure of semigroup with KU-algebra is called KU-semigroup and then we investigate some basic
properties of this structure. We define the KU-semigroup and several examples are presented. Also, we study some types
of ideals in this concept such as Sideal, k- ideal and P-ideal. The relations between these types of ideals are discussed and
few results for product Sideals of product KU-semigroups are given. Furthermore, few results of some ideals in KU-
semigroup under homomorphism are discussed.
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INTRODUCTION satisfies the following conditions. For al X,Y,z€ X , we
The notion of BCK and BCI- algebrasare first that

introduced by Imai and Is’eki in 1966231, BCl-algebra is
a generalization of BCK-algebra. In 1993, Jun and Hong (kuy) (y*2)*(x*2) < (x*Y),

B introduced anew class of algebras related to BCI- (ku, ) 0< x
algebras and semigroups, called a BCI- semigroup. For the 2 -
convenience of study, Jun et al.[®4 renamed the BCI- (kus\) X<VY,y< X impliesXx=Y and

semigroup as the 1S-algebra and studied further properties

of these algebras. Several authors studied the algebraic (KU, ) Y*X<X.

structures with —semigroups  see!*"®1. Prabpayak and  Theorem 2.2 [9]. In a KU-algebra X . The following
Leerawat (3 14 introduced a new algebraic structure which . tisfied. For all X. V. ze X

is called a KU-algebra. They gave the concept of homo axioms are satsied. -or YiZE A,
morphisms of KU-algebras and investigated some related () X< YlImply y*Z<X*Z,

properties. In this paper, by combining KU-algebras and (2 x*(y*2)=y*(Xx*2) foral X,y,ze X,

semi groups, we introduce the concept of KU-semigroups.

We define some types of ideals in this concept such as S @ (y*x)*x)<y.

ideal, k- ideal and P-ideal. The relations between these Definition 2.3 [14]. A non-empty subset S of a KU-

types of ideals are discussed and few results for product S agebra (X ,*’0) is caled KU-sub agebra of X if
ideals of product KU-semigroups are given. Furthermore,

few results of some ideals in KU-semigroup under X*y €S whenever X,y € S.

homomor_phism are discussed. Definition 2.4 [13]. A non-empty subset | of a KU-

2. Preliminaries o agebra (X,*,0) is caledan ideal of X if for any

In this section, we present some definitions and

background about K U-algebra. X,y e X, then

Definition 2.1.28 Algebra(X ,*,0) iscalled aKU-algebra (i) Ol and A

if it satisfies the following axioms: (i) X*y,Xel implythat yI 1.

(kuy) (x*y)*[(y=*2))*(x*2)]=0, Definition 2.5 [13]. Let | be a non empty subset of a

(ky) x*0=0, KU-algebra X . Then | issaid to be aKU-ideal of X , if

(Ku,) 0% X=X, (1) Oelad (I,) VX y,ze X, x*(y*2)el

L and Ye | implythat x*zel .

(ku,) X*y=0and y*X=0 impliesx=Yy and e o
Definition 2.6 [11]. A KU-algebra(X,*,0)issaid to bea

(kug) x*x=0.

KU-commutative if it satisfies: for al X,y inX,
(yxX)*x=(Xx*y)*y, where XAY=(y*X)*X,
i,e. XAY=YAX.

Example 2.7 [11]. Let X ={0,a,b,c,d,€} be a s,
with the operation * defined by the following table:

On aKU-agebra X , we can define abinary relation < by
putting X<y < y*X=0.Then (X,£)isapartialy
ordered set and Ois its smallest element. Thus (X,*,0)
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* |0 |a |b |c |d|e
0|0 |a|bj|c |d]e
a |0 |0 |b|c |b|cC
b |0 |a |0 |b|a|d
c |0|a |0 |0 |a

d 0|0 |0 b [0 |Db
e (0|0 |O0O|O O |O

Then (X,*,0) isa KU-algebraand KU-commutative.

3. A KU-algebra with semigroups
Now, we give the definition and properties of a KU-algebra with semigroups.

Definition3.1. A KU-semigroup is anonempty set X with two binary operations *,o and constant O satisfying
the following axioms

(1) (X,*,0)isaKU-algebra,

(1) (X,0) isasemigroup,

(111) The operation o isdistributive (on both sides) over the operation* , i.e.
xo(y*z)=(xo)y)*(xez) and (x*y)ez=(xoz)*(y~z),forallx,y,zeX.

Example3.2. Let X ={0,1,2,3} be a set. Define * - operation and o - operation by the following tables

*To[1[2]3 ] 0] 1 [2]3
o o |1 [2]3 olofofofo
I 0] o] o2 Lo 1 [0o]1
2 [0 | 2|01 2 [0 0 |22
30000 T T o T 1 1213

By routine calculations, it is easy to show that (X ,*,0,0) isaKU-semigroup

Proposition 3.3. Let (X,*,0,0) be aKU-semigroup . The following axioms are satisfied. For all X, Y, Z€ X ,
(1) xe0=0 and 0ox=0,
2)If x<y imply zox<zoy and xcz< yoz,
(3) xo(yAz)=(xey)Aa(xez) and (xAy)oz=(xo0z)A(yez).
Proof. (1) Xo0=Xo(0*0)=(Xo0)*(Xo0)=0and Oc Xx=(0*0)oX= (00 Xx)*(00cx)=0.

(2 Let Xx<y,then wehave Y*X=0. Now, (Zoy)*(zZoX)=2zo(y*X)=200=0, it follows that
Zo X< Zo Y. Similarly, we can provethat Xo Z< Yo 7.

(3) wehave
Xo (YA Z)=Xe[(z*y)* y] =[Xo(z* y)]*(Xoy) =[(Xo 2) * (Xo y)]* (XoY)
=(Xoy) A (xe2)

By the same way, we can provethat (XA Y)o Z=(Xo2Z) A(Ye 2).

Proposition 3.4. Let (X,*,0,0) be aKU-semigroup and X, Y,Z e X . Thenthefollowing properties hold
) xe(0xy)=(0xx)oy=Xxey,

(ii) If Xoy=0,then Xo(y*2)=XoZ,

(iii) If Xoz=0,then (X*Yy)oz=YyozZ,

(iv)  Xeo[y*(0*2)]=(xoy)*[0*(xo 2)] and [y* (0* Z)] o X = (y o X) *[0* (Z° X)].
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Proof. Clear.
In the following, we define a new concept which is called a strong KU-semigroup.

Definition 3.5. Let (X,*,0,0) be aKU-semigroup. If X*y=(yoX)* Yy, foralX,ye X,then (X,*,0,0)iscaleda
strong KU-semigroup.

Definition 3.6. an element € is called a unity in a KU-semigroup if €0 X=Xoe= X, foral xe X .If X isastrong
KU-semigroup with a unitye, then e is the greatest element in X, since €* X=(Xo€)*X=X*X=0, for all
Xe X.

Theorem 3.7. Let (X,*,0,0) be astrong KU-semigroup. Then the following properties hold, for all X,y € X ,

1) Xoy<y,

2 XSy@XSXOy,

@  yr(Xey)=(y*x)ey.

Proof. (1) Let X,y € X

y*(Xoy)=[(Xoy)oy]*(Xoy)=[Xo(yoy)]*(Xoy)=Xco[(yoy)*}Y]

=Xo(y*y)=X%Xo0=0.

Hence Xo y< V.

(2 if X<y, then y*X=0.Itfollowsthat (Xo y)* X=0, hence

X< Xo Y, conversely itisclear.

(3) Let X,y € X, we have

y*(xey)=[(Xxey)ey]*(Xxey) =[(Xey)xX)Joy=(y*X)oy.

Theorem3.8. Let (X,*,0,0) be astrong KU-semigroupand (X* Y)*y=(y*X)* X .Then XA Y= Xo Y.

Proof. Let X,y € X, we have

xAy=(rex)+r=[(xo ) ¥ x]+x

=[x e(xe )] *(xo ) =xolex 314 (xoy)

=(xc0)*(xoy)=0%(xoy)=(xo ).

4. Sometypesof idealsin a KU-semigroup
In this part , we introduce some types of idealsin a KU-semigroup and we prove that some intresting properties.

Definition 4.1. A nonempty subset A of X iscalled asub KU-semigroup of X ,if X*Yy,Xoye A, fordl X,yeA.
Definition 4.2. A non empty subset A of aKU-semigroup X is called an Sideal of X if

) Aisanidea of X,

ii) Forall Xxe X ,ac A,wehave Xcaec A and ac Xe A.

Example4.3. Let X ={0,a,b,C} be aset. Define * - operation and o - operation by the following tables

* 0 a b c & 0 a b C
0 0 a b c 0 0 0 0 0
a 0 0 0 c a 0 a 0 a
b 0 a 0 c b 0 0 b b
c 0 0 0 0 C 0 a b C

Then (X ,*,0,0) isaKU-semigroup and{ 0, b} isan Sideal of a KU-semigroup.

Theorem 4.4. InaKU-semigroup X _ Any Siideal of X isasub KU-semigroup of X and the converse is not true.
Proof. Let A be anSideal of X . Then Oe A and y*(X*y)=0, foral X,yl X. Thus forX,y e Awe have
y*(X*y)e A, which impliessx*ye A. And by Theorem 37 (1) we have, for alX,ye X

Xoy<y= y*(Xoy)=0.Itfolowsthat for X,y € Aand 0= y*(Xoy) e A impliesthat Xo Yy e A.Hence A
isasub KU-semigroup.
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The converse of this Theorem, it is easy to show that in example 4.3 B ={0,a} is a sub KU-semigroup but not S-ideal,
sncea*b=0e B andac B but bg B.
Definition 4.5. A non empty subset A of aKU-semigroup X iscalled an k-ideal of X if
i) A isanKU-ideal of X,
i) Foral xe X,ae A,wehave Xcae A and ao Xe A.
Theorem 4.6. Let X be a KU-semigroup. A non empty subset A of a KU-semigroup X is an k-ideal of X if and only if
Aisan Sideal of X . A
Proof. Let A bean k-ideal in X; it is clear that Oe A. Since for any X, Y, Zl X, (x*(y*2)eAyeA=(x*2) €A,
then by put X =0, weobtain (Y*2) € Al)ye A= Ze A.Hence | isan Sideal of X .
Conversely, let Abe an S ideal of X, then Oe A. Now, if (X*(y*2)e AYye A then (by Th2.2 (2)
(y*(x*2) e Aandye A, since A isan Sideal of X, thus (X* Z) € A , therefore A isan k-ideal of X .
Combining Theorem 4.4 and Theorem 4.6, we have the following corollary.
Corollary 4.7. Any k -ideal of aKU-semigroup X isasub KU-semigroup.
Definition 4.8. A non empty subset A of aKU-semigroup X iscalled an P-ideal of X if

(p) Forany x,y.zeX, zx(x*%3)cd and z¥xecd>z*yed.

(p2) Forall xeX.ae4. wehave xcaedand aexe 4.

Example 4.9. Let X ={0,a,b,C} be a set. Define * -operation and o -operation by the following tables

* 0 a b C B 0 a b C
0 0 a b G 0 0 0 0 0
a 0 0 a c a 0 0 0
b a0 0| ¢ b | 0| o | b c
c 0 a b 0 ¢ 0 0 c b

Then (X ,*,0,0) isaKU-semigroup and {0, a,b} ,{0,C} are P-idealsof aKU-semigroup.

Lemma 4.10. InaKU-semigroup X . Any P-ideal is an S-ideal .

Proof. Let A bean P-ideal of X .weput Z= 0in Definition4.8. (p1) to obtine the result.

Propositon 4.11. Let A and A, betwo S-ideals of aKU-semigroup X  then A (] A, isan Sideal of X .

Proof . Let A and A,be two Sideds of X, for any xe X and aec A(1A = aeA,acA,. Then
Xo@,acXe A and Xoa,a0Xe A, impliesthat Xe &, acXxe A A

Now, let Xx*ye A(14, and xe AN A, then Xxye A,xe Aand x*y e 4,,xe Ajand since A, A,are 5-
ideals of X impliesthat y € 4, and ye A,. Hence y € A () A, , it follows that 4, (1 A, isan Sideal of X .
Proposition 4.12. Let A;and A, be two Sideals of a KU-semigroup , then A; U A, is an Sideal of X if A,S4, or
Azgﬂl‘

Proof. Suppose A;and 4, be two S-ideals of a KU-semigroup X that without loss of generality we may assume that A, €A,
,then 4, U A,=A,

Since 4, is an S-ideal, So A; U A, is an S-idedl.

Similarly, if A, €A, . then 4; U A,=A; and Since 4, is an Siideal, So A; U A, isan Sideal.

Now, the product of two ideals in a KIJ-semigroup is given in the following definition

Definition 4.13. Let A; and A, be two an S-idealsin a KU-semigroup X . The product A4; x A,= {(a.b):a € A, ,b € A,}
and the binary operations "o"and "* " on A x A, are define by the following : for all (a,.b,) , (ay.bz) € A; X A,.
(ay,by) © (az.bz) =(a,°az, byoby),

(ay,by) * (az,by) = (ay x az, by « by).

Proposition 4.14. Let A,and A, be two S-ideals of KU-semigroup X. Then A; X A, isan S-ideal of X x X.

Proof'. Let(x;x; ) EX X X and (a,, a;) € A; X A4,

Then (xy, x5 ) © (ay, a3)= (x,© 1%z © @y). Since x; o a; €A, and x; © a, €4,

Then (x_lo a; ,x; © a; )€ Ay XAy, So (x3x, )0 (ay,a,)€A; XA, and by the same way, we prove that
(a,8) 0 (%) € Ax A

Now,
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let(x+y)€A; XAy and x €A, X Ay, where x = (x;x, ),y =(y; ,)2) EX x X

I [{x; 20 ) * (v1.¥2)] € Ay X Azand (x3 2, ) € A; X A4y,
Then (x; * ¥y ,%; *¥,) € Ay X A; and (x; x, ) € A; X 4, , it follows that

X, %Yy €Ay ,x; *y, EAyund x; €Ay Lx, €A,
Then y, € 4, and y, € A, [Since A, 4, are two S-ideals], So (y; ,y,) € 4, x 4, ,

then € A; x A,. Hence A; X A, is an S-ideal.

5- homomorphism of KU-semigroup

Let X and X' be two KU-semigroups. A mapping ¢ : X = X' is called a KU-semigroup homomorphism if ¢(x * y) =
¢(x) = p(y) and p(xoy)= Pp(x) o (y), for all x,y € X. The set Jx € X| ¢p(x) = 0} is called the kernel of ¢ and denote
by kerg. Morcover, the set {¢(x) € X | x € X} is called the image of ¢ and denote by im ¢.

Proposition 5.1. Let ¢b: X — X be a KU-semigroup homomorphism. Then for all x,y € X.

i) $(0) = 0"

i) x < y imply ¢(x) < ¢p(y).

i) p(xAy) = ¢(X) AP ().

Proof: (1) Suppose that x is an element of X. Then

$(0) = p(x +x) = p(x) xp(x) =0

(ii) Let x < y. Then we have y = x = 0. Thus we have

0=¢(0) = ¢y *x) = P(¥) * Pp(x), and so P(x) < P(¥).

([i)p(x Ay) = p((y 2] * x) = d( xx) * p(x) = [H() * p(x)] * $(x) = p(V)AS ().

Proposition 5.2. Let ¢: X — X' be aKU-semigroup homomorphism and ;=" (0) = {0} . Thenif ¢(x) < $(y) imply x <
.

Proof: If ¢(x) < ¢(y), then we have ¢p(y) = p(x) = p(y *x) = 0 and so y #x is an element of i ~(0) . Hence y =
x = 0, it follows that x < y.

Proposition 5.3. Let ¢p: X — X' be aKU-semigroup homomorphism. Then ker¢ is an S-ideal of X.

Proof . Let ¢: X > X be a KU-semigroup homomorphism and x,y € X such that x =y € ker(¢) and x € ker¢, so
¢(x *y) = 0and ¢(x) = 0, it follows that

¢(x) *p(y) =0and ¢(x) = 0,then 0*p(y) =0imply ¢(y) =0 and

y € ker¢ . Hence kerd is an ideal of KU-algzbra.

Now, let x € X and a € ker ¢ so ¢(a) =0, then

¢(xoa) =¢(x) o d(a) = p(x)o0 =0.Hence xoa € kerg and

¢(a ox) = ¢(a) e (x) = 00ogp(x) = 0. Henceaox € kerd . So ker@ is an Sideal of KU-semigroup.

Proposition 5.4. Let ¢: X — X be a KU-semigroup epimorphism and A be an

S-ideal in X. Then ¢(A) is an S-ideal in X,

Proof . Let A be an S-ideal of , and suppose that ¢(x),p(v) € ¢p(A) for some x,y € Asuch that ¢(x) = p(y) €
$(4) and ¢ (x) € P(4) 1o prove B(¥) € (A).

Since ¢ is a homomorphism, then ¢(x) * $(¥) = ¢(x = y) and since ¢(x) € Pp(A)

Thusx *y € A, x € A - y € A [since A is an ideal]

Therefore ¢(y) € ¢p(A). Hence ¢p(A) is an ideal in X,

Now, ¢p(a) € ¢p(A) and y € X where a € A.

Since ¢ onto, then there exists x € X such that ¢p(x) = y. To prove yo ¢p(a) € ¢(A4)

Since Vx € X and € A, we have xoa € Aand acx € A[ A is an S-ideal]. So ¢(xca) € ¢p(4), and ¢(acx) € ¢(A).
Hence ¢(xca) = ¢(x)ed(a) =yod(a) € $(A) and p(acx) = p(a)o¢p(x) = p(a)oy € ¢p(A). Then p(A4) is an S-
ideal in X',

Theorem 5.5. Letg:X - X' be a KU-semigroup homomorphism. If A is an S-ideal of X', then ¢ '(4) =
{x € X|¢(x) € A} is an S-ideal of X containing kerd.

Proof- Let ¢p: X = X be a KU-semigroup homomorphism and x,y € X such that

x+*y€E¢I(A) and x € ¢ 1 (A), then P(x)*p(¥)=¢(x*y)EA and ¢(x) € A. and since A is an S-ideal, it
follows that ¢p(y) € A. That is y € ¢~ (A) , therefore ¢p~1(A4) is an ideal of X. Moreover {0} € A implise that ker¢ =
p~'({0h) s o7 ().

Now, Suppose that A is an S-ideal of X' Let x € X and Now, Suppose that ¢(x),¢(v), d(2) € ¢(A) for some
y € ¢ '(A), then x,¥,z € Asuch that

SO EAmd  Ppxoy) =p@Ied(N EA  and  $(z) * [$(x) *» ()] € (A) and (2) * $(x) € B{A) .
d(yox) = p(y)ogp(x) € A. Hence xoy,yox € ¢~ (4) Since ¢ is a homomorphism, then ¢[z # (x * y)] € ¢(A)
and then ¢ ™" (4) is an S-ideal of X containing kerg. and ¢(z *x) € ¢p(4)

Proposition 5.6. Let ¢:X — X' be a KU-semigroup Thus *(x*y)EA .zxx€A—=z*y €A [since Ais P-
epimorphism and A be an P-ideal in X. Then ¢(A) is an ideal]

P-ideal in X'. Therefore ¢(z) * p(y) = ¢(z = y) € $(4).

Proof. Let A be an P-ideal of . Now, let ¢(a) € ¢p(A) and y € X', where a € A.
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Since ¢ onto, then there exists x € X such that ¢p(x) = y.
To prove yo ¢(a) € ¢p(A4)

Since Vx € X and € A , we have xcaq € Aand qaox €
Al A is an P-ideal]. So ¢(xca) € ¢p(A), and ¢p(acx) €
$(A). Hence ¢(x0a) = p(x) o $(a) = yo p(a) € p(4)
and (a°x) = §(a) °p(x) = $(a)°y € p(A).

Hence ¢p(A) is an P-ideal in X .

CONCLUSION

A new concept of KU-algebras which is caled a KU-
semigroup . This concept we obtained by a combining
KU-algebras and semigroups and discussed few properties
of this concept and investigate some related results.
Moreover, some types of ideals in KU-semigroup are
studied and the product of S-ideals to a KU-semigroup is
established. The notion of a homomorphism of a KU-
semigroup is discussed. The main purpose of our future
work is to study of a fuzzy KU-semigroup and a
generlazation of a fuzzy KU-semigroup such as a bipolar
of a fuzzy KU-semigroup and interval value of a fuzzy
KU-semigroup. Also, we can introduce the notion of graph
for aKU-semigroup.
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